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1. Introduction
The precise microscopic degrees of freedom of M-theory remain elusive even six years
after its discovery [1]. The most promising candidate for such a description today
is given by the large N limit of matrix theory [2], the maximally supersymmetric
U(N) gauge quantum mechanics [3, 4] which is intimately connected to the quantum
supermembrane [5]. The study of this seemingly simple model has been plagued,
however, by its nonlinearity and the existence of at directions in the potential
leading to a continuous spectrum [6].
Recently Berenstein, Maldacena and Nastase [7] realized that for eleven dimen-



























































[9] - rather simple. In this model the at background matrix model is augmented
by bosonic and fermionic mass terms with a scale set by  along with a bosonic
cubic interaction in the SO(3) sector. As observed in [7] the mass terms remove the
at directions of the usual matrix theory potential and render its spectrum discrete.
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In fact the introduction of the mass parameter  into the model opens up a new
perturbative window of pp-wave matrix theory for   1 which we shall study in
this paper. First steps in this direction have been undertaken in [10]. Related work
on the pp-wave matrix theory and supermembrane may be found in [11].
We begin our analysis after a careful statement of the model and its quantization
with the supersymmetry algebra, which due to the non-rigidness of the associated su-
persymmetry variations displays some unusual features. The supersymmetry algebra
groups the energy eigenstates into multiplets, whose members do not have degen-
erate energy eigenvalues any more, but dier by xed amounts of energy in great
similarity to the representation of supersymmetry in AdS spaces
1
. The Hamiltonian
naturally splits into a free and an interacting piece in the limit  1, of which the
free piece is given by a supersymmetric oscillator system with vanishing groundstate
energy protected from perturbative corrections. We then go on to study the leading
order energy shifts of the rst excited states in perturbation theory and nd some
surprises. In particular we uncover a multiplet which does not receive any perturba-
tive corrections to its energy eigenvalues in leading order perturbation theory. We
argue that this result holds true to all orders. Motivated by additional perturbative
evidence, we are led to conjecture the existence of an innite series of protected states
in the full pp-wave matrix model. Finally we end with some concluding remarks.
2. The Model and its Quantization






denote Hermitian N  N matrices,
i = 1; : : : ; 9 are the transverse vector indices which split into a = 1; 2; 3 and a
0
=
4; : : : ; 9. Moreover for the SO(9) Majorana spinors we work with a charge conjugation













antisymmetric running over the spinor indices ;  = 1; : : : ; 16. It is useful to perform
a rescaling of t ! =(2R) of the time variable of the matrix model proposed in [7]
where R denotes the radius of the compactied direction in the DLCQ picture. With
the help of this rescaling all parameters of the matrix quantum mechanics are cast
into the single mass parameter m = =(2R). Then the pp-wave matrix model of [7]



















































































For a recent review see e.g. [12] and references therein.
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and the covariant derivative is given by DO = @

O   i[!;O]. It is invariant under










































( ) + ( )
Æ! = 2 ( ) (2.2)
with


















Note the non-rigid character of the supersymmetry transformations: The supersym-
metry parameters depend explicitly on time. This is the reason why the supercharge
will be shown to not commute with the Hamiltonian in the sequel. The cleanest








backgrounds given in [9] and consider the pp-wave limit of the su-
perspace geometry along with the standard  gauge xing condition ( 
+
 = 0) for
the fermions. The resulting membrane model may then be discretized in the usual
fashion [5] by approximating the group of area preserving dieomorphisms by U(N)
in the limitN !1. The outcome of this analysis is the model (2.1). This derivation
is spelled out in detail in [10].
It is straightforward to go to a Hamiltonian description of the system. We choose





















































































]  if; g = 0 : (2.5)
As we shall show for m  1 the interacting piece of the Hamiltonian H
INT
is sup-
pressed and can be treated perturbatively.
Let us now turn to the quantization of the pp-wave matrix theory. The canonical



































= 0 properly. In view of H
0
in (2.4) it is natural to introduce
























































































































































































canceling precisely the zero point energy of the bosonic sector. The zero-energy





































j0i = 0 
  
rs
j0i = 0 : (2.14)
Physical states are required to be gauge invariant due to the gauge constraint (2.5).







Tr[: : : a
ya
: : : b
ya
0
: : : 
+
: : :] : : :Tr[: : : a
y b
: : : b
yb
0
: : : 
+
: : :] j0i : (2.15)





. Clearly then the problem factorizes into the trivial free U(1) sector








and a complicated interacting SU(N) sector spanned by excitation operators of
wordlength two and larger.
3. Supersymmetry Algebra and Structure of the Spectrum





associated with the non-linearly and linearly realized supersym-
metries of (2.2). Their form follows from the operator relations
ÆX
i
= 2i[Q( ) + q ( );X
i











= 2i[Q( ) + q ( ); 






























































only acts in the free U(1) sector of the model. We relegate the ex-
plicit evaluation of the supersymmetry algebra into appendix A. One nds in the





















































Compared to the Minkowski background superalgebra we thus see the emergence of













































). Despite the appear-
ance of these angular momentum operators the old argument for the zero-energy
groundstate still goes through: a maximally supersymmetric state (being annihi-
lated by all the Q

) will have zero energy and be a SO(3) and SO(6) singlet. Hence
the vanishing energy of the groundstate j0i for m ! 1 is protected from pertur-
bative corrections and constitutes the unique groundstate of the interacting model.
Moreover all excitations will have strictly positive energy.
We see in (3.3) that the supercharges do not commute with the Hamiltonian,
which simply states that superpartners do not have the same mass in this model.




















. This phenomenon is analogous to the
situation for representations of supersymmetry in AdS spaces.





















































where the bosonic matrix ladder operators of (2.7) appear in the second line.
For the study of the spectrum of the pp-wave matrix model it is useful to perform








































































where we have dropped the terms proportional to the gauge constraints G for trans-
parency, as they do not aect gauge invariant states. It is instructive to spell out
the form of Q







































































































raises the energy eigenvalue of a state by m=12. As there are 8 raising and
8 lowering operators a generic long multiplet will contain 256 states spread over 9





The simplest long multiplet is built upon a SO(3) and SO(6) singlet on the
"ground oor" and the entire multiplet has 256 states in total. It is straightforward to
nd out how the states of such a multiplet are grouped into irreducible representations
of SO(3)  SO(6) on each oor. The result reads
Floor SO(3)  SO(6) reps
8 (1,1)
7 (2; 4)
6 (1; 10) (3; 6)









The energy dierences within one multiplet are xed, however the lowest energy
eigenvalue E of a generic multiplet may only be computed approximately in pertur-
bation theory.
Let us now study the rst excited states of the interacting SU(N) sector, i.e.
excitations of wordlength two, which are decomposed into irreducible representations
{ 6 {
as follows










































































































































where the bifermion states are restricted to an odd number of SO(6) vector indices,






. In our notation (ij) refers to









are degenerate in mass and SO(3)SO(6) representation and could potentially




. As the free supercharges Q

0
preserve the wordlength it comes as no surprise,



















jaai = 0 Q
 
0
jabi = 0 (3.11)
the multiplets begin with the states of energy m=3 and end with the states of energy
2m=3 - they are short multiplets consisting of 5 oors. The relevant double step
ladder operators connecting oors of bosonic states are













































which follow again from the chirality property of Q

0









































































   jabi (3.13)
































































































   jaai (3.14)








































































= 0 : (3.15)
























;i and jaa;i belong to \B". So the level two states make two irreducible
supermultiplets,
A: (1; 1) + (2; 4) + (3; 6) + (4; 4) + (5; 1)
B: (1; 20
0
) + (2; 20) + [(1; 10) + (3; 6)] + (2; 4) + (1; 1) : (3.16)
We note that both of them can be part of the simplest long multiplet presented in
(3.9). In the next section we shall study how the energies of these multiplets get
corrected in perturbation theory.
4. The Perturbative Energy Spectrum and Protected States
The supersymmetry algebra derived in the last section implies that the energy of the
maximally supersymmetric ground state, which is annihilated by all supercharges,
must be exactly zero. Before we embark on the calculation of energy shifts for the
excited states of (3.10) let us verify this in leading order perturbation theory
2
. The
perturbative corrections to the spectrum are organized in an expansion in 1=m
2
.
To consistently work out the leading correction of the groundstate energy it is then
necessary to work up to second order in quantum mechanical perturbation theory
































where the quartic interaction term contributes in rst order perturbation theory
whereas the cubic and the Yukawa term contribute at second order perturbation


































































































































The contributions to O(1=m
2
) at second order perturbation theory come from the
cubic and the Yukawa terms of H
INT




























as here only a pure bosonic level 3 state is excited the free Hamiltonian in the
denominator has been replaced by 3 
m
3




































































] ) j0i (4.9)
Note the two dierent mass channels appearing for the inverse free Hamiltonian in
























































) = 6 tr
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the vanishing shift of the groundstate energy in leading order perturbation theory.
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The computation of the energy shifts for the rst excited states of (3.10) goes
along the same lines, but is technically more involved. We report on the details of
this computation in appendix B and simply state the complete result here. By virtue
of the supersymmetry algebra (3.7) it is clear that states within one multiplet should
receive the same perturbative correction to their energy eigenvalues. This is indeed
what one nds. Taking care of the normalization of states the leading shift in energy



















































































. Most interestingly, however,


















































We shall argue that this remains true to all orders in perturbation theory. The
crucial input from the representation theory of Lie superalgebras here is that if a
multiplet is short its energy is quantized by the symmetry algebra. One simple way
of seeing this is to use the fact that the ground-oor state must be annihilated by a
product of less than nine supercharges, since short multiplets do not span all of the 9







)ji using only the
superalgebra and obtain a set of linear equations involving E and the Dynkin labels
of SO(3)  SO(6) of the ground-oor state ji. In fact the representation theory of
Lie superalgebras is known to some extent, original classications and rst important
results are due to Kac [13]. A more detailed discussion of the representation theory
of the M-theory pp-wave superalgebra will be presented in a separate publication
[14].
Based on this insight, our calculation implies that the multiplet "A" should
combine with other short multiplets of the free theory to make a long multiplet in
the interacting theory for which there is no such quantization rule from the symmetry
algebra. The multiplet "B" on the other hand should stay short. Because there are no
lighter states in the free theory the ground-oor states (1; 1) and (1; 20
0
) must remain
as the ground oor of the two multiplets also with interactions. For the multiplet
















which also has E =
m
2
. One can show that the free theory spectrum can provide
all the missing blocks of higher oors which are needed to complete \A" into a long
multiplet. In order to turn multiplet "B" into a long multiplet starting from (1; 20
0
)
we would need the states (2; 4)  (1; 20
0
) = (2; 20) + (2; 60) on the rst-oor, where
in terms of Dynkin labels the (60) of SO(6) is given by [1; 2; 0]. But here, unlike












there are no other states than the states listed in (3.9). So it turns out
that the multiplet "B" is truly short even in the interacting theory, and its energy
is free from corrections to all orders.




i is protected is
strongly reminiscent of the situation for the chiral primary operators in N = 4 super
Yang-Mills theory which do not receive any radiative corrections to their scaling
dimensions. These operators are given by symmetric traceless combinations of the
six scalar elds 
I




























being totally symmetric in its lower indices and any contraction among






= 0. Let us therefore consider the multiplets
















































states have the mass
nm
6






i = 0 (4.18)
they constitute the lightest state in a multiplet of the free theory. It is tempting to
speculate that the energy eigenvalue of these states is protected from perturbative
corrections as well. We have computed the energy shifts for these states for n =
3; 4 and 5 in leading order perturbation theory and indeed nd that they cancel!
The explicit contributions are presented in appendix B. Based on this evidence we
therefore conjecture that all the states contained in the multiplets built on (4.17)
are protected and that their energy eigenvalues are exactly given by the free theory
values. The proof of this conjecture should go along the same lines as the arguments
presented in the above for the case jC
(2)
i, namely due to the absence of the required
representations in the free theory at higher mass levels. We leave the detailed proof
for future work.
{ 11 {
5. Conclusions and Outlook
In this paper we have studied the spectrum of the recently found massive matrix
quantum mechanics in a pp-wave background and performed a second order pertur-
bation calculation. We uncovered a protected short multiplet of the theory whose
energy eigenvalues are now known exactly in the full interacting model. Moreover
we conjectured the existence of an innite series of such protected states. Employ-
ing the matrix model conjecture this is a non-trivial statement about the light-cone
Hamiltonian of M-theory in a pp-wave background. In the case of the maximally su-
persymmetric pp-wave solution of type IIB superstring, the precise energy spectrum
in the light cone gauge was presented by Metsaev [15]. Our results can be thought
of as the M-theory counterpart. Using the relation between the AdS space and the
pp-wave, it was argued that the string spectrum in the pp-wave background must be
related to the anomalous dimension of the dual CFT operator with large R-charge.
It is very tempting to conjecture the same correspondence between the M-theory
pp-wave solutions and the superconformal eld theories of M2- and M5-branes. An









the same pp-wave solution with SO(3)SO(6) symmetry, implying that they share
essentially the same subsector. The M-brane eld theories are still largely mysteri-
ous but it would be very interesting if we can compare the matrix theory calculation
reported here with eld theory calculations.
There are a number of further interesting open question emerging. For example
the protected energy eigenvalues do not depend on N and should therefore survive
the large N limiting procedure under which the matrix model approximates the pp-
wave supermembrane. What is the picture of these states in the supermembrane
theory? Furthermore, what can we learn from these considerations for the notorious
at matrix model in the limit m! 0?
Finally, in our work we have exclusively studied the matrix model around the
\trivial" vacuum X
i
= 0. As discussed in [7, 10] there is a multitude of further
maximally supersymmetric vacua in the bosonic SO(3) sector corresponding to fuzzy
sphere solutions of the equations of motion. As these vacua are subject to the same
superalgebra we expect that similar protected multiplets exist in these sectors of the
theory as well.
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A. The Supersymmetry Algebra
The nontrivial pieces of the supersymmetry algebra (3.3) lie in the (anti)-commmutators
involving Q






shall only focus on the terms proportional to m as we know from the work of [4] how



































































following from (3.1), r; s; t; u denote U(N) matrix indices. In the above we have























capturing the two dierent SO(3) and SO(6) masses in m
i
. The terms in (A.1) are
































































































































































































































































































putting back in the \old" m independent terms computed in [4].
Now we want to calculate [H;Q















































B. Details of the Perturbative Calculation
In this section we comment on the calculation of energy shifts for the excited states.
Naturally these manipulations are algebraically more involved and we have performed
them with the help of Mathematica and FORM [16] computer algebra systems.
The considered states of (3.10) which are excited by two raising operators are







































The interactions of H
INT
respect the SO(3)  SO(6) split of the free Hamiltonian,









will deal with this problem at the end of this section and rst study the diagonal
elements of the interactions in quantum mechanical perturbation theory given by
(4.13).
The states excited by bosonic oscillators will be dealt with rst. For the cal-
culations done in this paper it turns out that the three dierent interaction terms
can be treated separately: the cross term of the Yukawa and the cubic bosonic term
does not contribute. So just like the ground state we rst consider the rst order
perturbation of the quartic Yang-Mills interaction, and then the Yukawa and the
{ 14 {
cubic bosonic term at second order. The results are summarized in a table at the
end of this section.






























































From this result one can easily check that there are no o-diagonal overlaps of the
pure bosonic states as expected. Note that the normalization constants for the
dierent sets of states have not been taken into account yet so we have to divide the










Next we turn to the contributions from the cubic bosonic or Myers term. We














































































































When we evaluate this it turns out that for level 2 states we are interested in here only


































X means one should take the trace of the 3 dimensional part only, after
calculating X as a 9-dimensional matrix. Again the result for dierent states can be
found in table 1.
Now we can turn to the consideration of the Yukawa terms. For the states
with bosonic oscillators only we can easily perform the Wick contraction of the













































































































































































































































Table 1: The diagonal contributions of the second order perturbation calculation of the
energy spectrum according to eq. (4.13). The states are dened in (3.10) and the numbers
in the parenthesis represent the associated SO(3) SO(6) representation. Only the states
of represenation (3; 6) receive o-diagonal contributions, which are evaluated in (B.10).


























































































means we take the trace of the six dimensional part only.
Now for the states excited by fermionic oscillators it is clear that the contribution
of the quartic and the Myers termmust be the same as the ground state. The Yukawa
interaction can be considered as before, computing the dierent channels separately.






























































  4N + 1=N

(B.7)































































































































Table 2: The vanishing of the second order perturbation calculation of the energy shifts
of the totally symmetrized SO(6) higher level states dened in eq. (4.17).
Again this result is summarized in the table.



































following from (3.15). For the cross term only the Yukawa interaction piece con-




































































































) respectively. These are precisely the combinations appearing in the
(3; 6) sector of the free eld multiplets \A" and \B" as stated in (4.14) and (4.15).
Finally we turn to the totally symmetrized SO(6) higher level states jC
(n)
i of
(4.17). The explicit contributions from the three sectors of perturbation theory are
stated in table 2 for n = 3; 4; 5 which add up to zero.
During the calculation we have not distinguished connected and disconnected






for level-two states, however they always add up to zero due to the underlying su-
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